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TURNPIKE PROPERTY FOR EXTREMALS
OF VARIATIONAL PROBLEMS
WITH VECTOR-VALUED FUNCTIONS

A. J. ZASLAVSKI

ABSTRACT. In this paper we study the structure of extremals v: [0,7] — R™
of variational problems with large enough T, fixed end points and an integrand
f from a complete metric space of functions. We will establish the turnpike
property for a generic integrand f. Namely, we will show that for a generic
integrand f, any small € > 0 and an extremal v: [0,T] — R"™ of the variational
problem with large enough 7', fixed end points and the integrand f, for each
T € [L1,T — L1] the set {v(t): t € [7,7 + L2]} is equal to a set H(f) up to &
in the Hausdorff metric. Here H(f) C R™ is a compact set depending only on
the integrand f and L; > Lo > 0 are constants which depend only on £ and

[w(0)l, (1)

1. INTRODUCTION

In this paper we analyse the structure of optimal solutions of the variational
problem

(P) / Fe(0), /(1)) dt — min,  2(0) =z, 2(T) =y,
[0,T] — R™ is an absolutely continuous function

where T'> 0, z,y € R" and f: R*" — R! is an integrand.

An optimal solution v: [0,7] — R™ of the variational problem (P) always de-
pends on the integrand f and on z,y,T. We say that the integrand f has the
turnpike property if for large enough T the dependence on x,y,T is not essential.
Namely, for any € > 0 there exist constants L1 > Lo > 0 which depend only on |z,
ly|, € such that for each 7 € [L1,T — L] the set

{v(t): t € [r, 7+ La]}

is equal to a set H(f) up to € in the Hausdorff metric where H(f) C R™ is a
compact set depending only on the integrand f.

More formally we say that an integrand f = f(z,u) € C(R?") has the turnpike
property if there exists a compact set H(f) C R™ such that for each bounded set
K C R™ and each € > 0 there exist numbers Ly > Lo > 0 such that for each
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T > 2Ly, each 2,y € K and an optimal solution v: [0,7] — R™ for the variational
problem (P) the relation

dist(H(f),{v(t): t € [r,7+ La]}) < ¢

holds for each 7 € [L1,T — Ly]. (Here dist(-,-) is the Hausdorf{f metric.)

The turnpike property is well known in mathematical economics. It was studied
by many authors for optimal trajectories of a von Neumann-Gale model determined
by a superlinear set-valued mapping (see Makarov and Rubinov [14] and the sur-
vey [16]) and for optimal trajectories of convex autonomous systems (see Carlson,
Haurie and Leizarowitz [7, Ch. 4.6].) In the control theory the turnpike property
was established by Artstein and Leizarowitz [1] for a tracking periodic problem. In
all these cases we have an optimal control problem with a convex cost function and
a convex set of trajectories. Asymptotic turnpike properties for optimal control
problems with infinite time horizon were studied by Brock and Haurie [4], Carlson
[5], Carlson, Haurie and Jabrane [6], Leizarowitz [10] and Zaslavski [19].

Our goal is to show that the turnpike property is a general phenomenon which
holds for a large class of variational problems with vector-valued functions. We
consider the complete metric space of integrands 9%, (k is a nonnegative integer)
described below and establish the existence of a set F C 9, which is a countable
intersection of open everywhere dense sets in M, and such that each integrand
f € F has the turnpike property.

Moreover we show that the turnpike property holds for approximate solutions of
variational problems with a generic integrand f and that the turnpike phenomenon
is stable under small perturbations of a generic integrand f.

A better understanding of the general nature of the turnpike phenomenon was
achieved by our recent study of discrete-time control systems [17, 18] for which we
established a weak version of the turnpike property. More recently in Zaslavski [20]
employing the reduction to finite rewards by Leizarowitz [11, 12] and the represen-
tation formula by Leizarowitz and Mizel [13] an analogous result was established
for optimal solutions of the variational problem (P) with z,y € R", large enough
T and a generic integrand f belonging to the space of functions 2 described below.

In the weak version of the turnpike property established in [20] for an optimal
solution of the problem (P) with x,y € R™, large enough 7" and a generic integrand
f € 2 the relation

dist(H(f),{v(t): t € [1,7+ La]}) < ¢

with Lo which depends on ¢ and |z|, |y| and a compact set H(f) C R™ depending
only on the integrand f, holds for each 7 € [0, T\ E where E C [0, T] is a measurable
subset such that the Lebesgue measure of E does not exceed a constant which
depends on ¢ and |z|, |y|.

The turnpike property which will be established in the present work guarantees
that we may take F = [0, L;|U[T — L1, T] where Ly > 0 is a constant which depends
on ¢ and |z|, |y|.

Denote by | - | the Euclidean norm in R™ and denote by 2 the set of continuous
functions f: R™ x R™ — R! which satisfy the following assumptions:

(A)(i) for each x € R™ the function f(z,-): R™ — Rl is convez;

(ii) f(x,u) > sup{(|z]), ¥ (|u])|u|} — a for each (z,u) € R™ x R™ where a > 0 is
a constant and ¢ : [0,00) — [0,00) is an increasing function such that (t) — 400
as t — oo (here a and v are independent on f);
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(iii) for each M,e > 0 there exist I',§ > 0 such that

|f(z1,u1) — f(z2,u2)| < esup{f(z1,u1), f(w2,u2)}
for each uy,us,x1,x2 € R™ which satisfy
|z;| < M, |u;| >T (i =1,2), sup{|e; — a2, |ur —uz|} < 6.

It is an elementary exercise to show that an integrand f = f(z,u) € C*(R*")
belongs to A if f satisfies assumptions (Ai), (Aii) with a constant ¢ > 0 and a
function 1): [0,00) — [0,00) and there exists an increasing function vy : [0, 00) —
[0, 00) such that for each z,u € R"

sup{|0f/0x(z, u)l, [0fOu(z,w)|} < Po(|2])(1 + P (|u])|ul).

For the set 2 we consider the uniformity which is determined by the following
base

E(N,e,A) ={(f,9) € AxA: |f(z,u) —g(z,u)| <& (u,z € R", |z], |[u| < N),
(If(zw)l +1)(|lg(z, )| +1)71 € A1 A] (2,u € R, |2 < N)}
where N > 0, € > 0, A > 1 (see Kelley [9]).

It was shown in Zaslavski [20] that the uniform space 2 is metrizable and com-
plete. We consider functionals of the form

T
(1.1) (T, Ty, x) = . f(x(t), ' (t)) dt

where f € 2,0 < Ty < Ty < 400 and x: [Th,Ta] — R™ is an absolutely continuous
(a.c.) function.
For f € A, y,z € R™ and numbers 17, T3 satisfying 0 < Ty < T we set

(1.2) UN(Ty, Ty, y, 2) = inf{I/(T1, Ta, x): 2: [Ty, Ty] — R" is an a.c. function
satisfying «(Ty) =y, z(T2) = z}.
It is easy to see that —oo < UF(Ty, T, y, 2) < +oo for each f € 2, each y, z € R"

and all numbers 77,75 satisfying 0 < T7 < Tb.
Let f € A. For any a.c. function z: [0,00) — R™ we set

(1.3) J(x) = lim inf T=117(0,T, z).
Of special interest is the minimal long-run average cost growth rate
(1.4) p(f) =inf{J(z): x: [0,00) — R™ is an a.c. function}.

Clearly —oo < pu(f) < 4+00. By a simple modification of the proof of Proposition
4.4 in Leizarowitz and Mizel [13] (see [20, Theorems 8.1, 8.2]) we established the
representation formula

Uf(OvTa €L, y) = T:u(f) + ﬂ-f(x) - ﬂ-f(y) + Gé(x,y),

(1.5)
z,y € R", T €(0,00),
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where 7/: R — R! is a continuous function and (T,z,y) — Hé(x,y) €ER'isa
continuous nonnegative function defined for 7' > 0, =,y € R",

T—+o00

(1.6) «f(z) = inf { lim inf[I7(0, T, v) — u(f)T]: v: [0,00) — R™
is an a.c. function satistying v(0) = x}, x € R",

and for every T' > 0, every z € R" there is y € R" satisfying 9£(x, y) =0.

Here we follow Leizarowitz [11] in defining “good functions” for the infinite hori-
zon variational problem with the integrand f.

An a.c. function x: [0,00) — R"™ is called an (f)-good function if the function
®L: T — 17(0,T,z) — u(f)T, T € (0,00) is bounded. In [20] we showed that for
each f € 2 and each z € R™ there exists an (f)-good function v: [0,00) — R™
satisfying v(0) = z.

Propositions 1.1 and 3.2 in Zaslavski [20] imply the following result.

Proposition 1.1. For any a.c. function x: [0,00) — R™ either
I7(0,T,z) — Tu(f) — +o00 as T — oo
or
sup{|I7(0,T,z) — Tu(f)|: T € (0,00)} < 0.
Moreover any (f)-good function x: [0,00) — R™ is bounded.

We denote d(z,B) = inf{|x — y|: y € B} for x € R", B C R". Denote by
dist(A, B) the Hausdorff metric for two sets A C R, B C R™. For every bounded
a.c. function z: [0,00) — R™ define

(1.7) Q(z) = {y € R": there exists a sequence {t;};°, C (0, 00) for which

t; > 00, x(t;) =y as i— oo}

We say that an integrand f € 2 has Property B if Q(v2) = Q(v1) for all (f)-good
functions v;: [0,00) — R™, i =1,2.

In Zaslavski [20, Theorem 2.1] we establish the following result which describes
the limit behaviour of (f)-good functions for a generic f € 2.

Theorem 1.1. There exists a set F C A which is a countable intersection of open
everywhere dense subsets of A and such that each f € F has Property B.

By Proposition 1.1 for each integrand f € 2 which has Property B there exists
a compact set H(f) C R™ such that Q(v) = H(f) for each (f)-good function
v:[0,00) — R".

Denote by 9 the set of all functions f € C'(R?") satisfying the following as-
sumptions which ensure that each solution of (P) belongs to C2([0,T]; R"):

of Jou; € CHR?™) fori=1,...,n;

the matrix (02 f/0u;0u;)(z,u), i,5 = 1,...,n, is positive definite for all (x,u) €
RZTL;

f(@,u) = sup{(|]), Y(lul)|ul} —a for all (z,u) € R" x R";
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there exist a number ¢g > 1 and monotone increasing functions ¢; : [0, 00) — [0, ),
i = 0,1, 2, such that

go(t)t™! — +oo as t — 400, f(x,u) > ¢olcolul) — ¢1(|z), w,ue R

sup{|0f /Oxi(z,u)|,[0f [Oui(z, u)|} < da(|2])(1 + do(lul)),
r,u€ R i=1,...,n.
It is easy to see that 9t C 2. We will establish the following result.
Theorem 1.2. Assume that an integrand f € 9 has Property B and ¢, K > 0.
Then there exists a neighborhood U of f in A and numbers M > K, lyp > 1 > 0,

d > 0 such that for each g € U, each T > 21y and each a.c. function v: [0,T] — R™
which satisfies

lvO), |v(T)| < K, I90,T,v) <U0,T,v(0),v(T))+ 5
the relation |v(t)| < M holds for all t € [0,T] and
(1.8) dist(H(f),{v(t): te[r,7+1]}) <e
for each T € [lo, T — lg]. Moreover if d(v(0), H(f)) < 0, then (1.8) holds for each
7€ [0, T — o] and if d(v(T), H(f)) <6, then (1.8) holds for each T € [lg, T —1].

Let k > 1 be an integer. Denote by 2, the set of all integrands f € ANC*(R?").
For p = (p1,...,p2n) € {0,...,k}?" and f € C¥(R?") we set

2n
pl =Y pi, DPf=0"f/0y0 .. oybr.
i=1
For the set 2, we consider the uniformity which is determined by the following
base.

E(N,e,\) ={(f,9) € Ux x Ap: |D? f(x,u) — DPg(z,u)| < ¢
(u,x € R, |z, [ul < N,p € {0,....k}*", |p| <k),
|f(@,u) — g(z,u)] <€ (u,x € R", |z], [u| < N),
(If (@, W)+ D (|g(z, )| +1)7" € A1 N (z,u € R, 2] < N)}

where N > 0, ¢ > 0, A > 1 (see Kelley [9]). It is easy to verify that the uniform
space 2y, is metrizable and complete (see [20], Section 2).
For each integer k > 1 we define M, = M N A,. Set

Ao = A, My = M.

Let £ > 0 be an intege_r. Denote by M. the closure of My, in Ay and consider the
topological subspace 9, C Ay with the relative topology. We will establish the
following result.

Theorem 1.3. Let ¢ > 0 be an integer. Then there exists a set F, C 9, which
is a countable intersection of open everywhere dense subsets of ﬁq and such that
each f € Fq has Property B and the following property:

For each €, K > 0 there exist a neighborhood U of f in A and numbers M > K,
lo>1>0,0 >0 such that for each g € U, each T > 2ly and each a.c. function
v: [0,T] — R™ which satisfies

lv(0)], |v(t)] <K, I90,T,v) <U0,T,v(0),v(T)) + 6
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the relation [v(t)| < M holds for all t € [0,T] and
(1.9) dist(H(f),{v(t): te[r,7+1]}) <e

for each T € [lo, T — lg]. Moreover if d(v(0), H(f)) < §, then (1.9) holds for each
7€ [0,T — o] and if d(v(T), H(f)) <4, then (1.9) holds for each 7 € [lo, T —1].

Theorems 1.2 and 1.3 are extensions to the class of variational problems with
vector-valued functions of the main result in Zaslavski [21] established for a class
of one-dimensional variational problems arising in continuum mechanics which was
discussed in Leizarowitz and Mizel [13] and Coleman, Marcus and Mizel [8]. In
the approach used in [21] the following property of this class of one-dimensional
variational problems established in Leizarowitz and Mizel [13] played a crucial role.

Property C. In the space of integrands there exists an everywhere dense subset
E such that for each f € E there exists an (f)-good periodic trajectory.

It is not clear whether Property C holds in general. In Zaslavski [20] and in
the present paper we develop a more general approach based on the idea that the
validity of Property B implies the weak version of the turnpike property for an
integrand f € 2 and implies the turnpike property for an integrand f € 9.

2. AUXILIARY RESULTS
In [20] we established the following results.

Proposition 2.1 ([20, Proposition 3.1]). For each f € 2 there exists a neighbor-
hood U of f in A and a number M > 0 such that for each g € U and each (g)-good
function x: [0,00) — R"
limsup |z(¢)] < M.
t—o0

Proposition 2.2 ([20, Proposition 3.2]). Let f € A and My, Ms,c > 0. Then
there exist a neighborhood U of f in A and S > 0 such that for each g € U, each
Ty € [0,00) and each Ty € [T} + ¢,0) the following property holds.

For each x,y € R™ satisfying |z|, |y] < My and each a.c. function v: [Ty, T3] —
R"™ satisfying v(Ty) = =z, v(Ty) = y, I9(Th,Ta,v) < U9(Th, Tz, x,y) + My the
following relation holds: |v(t)| < S (t € [T1,Tz]).

Proposition 2.3 ([20, Proposition 3.8]). Let f € A, 0 < ¢1 < ¢2 < o0, D,e > 0.
Then there is a neighborhood V' of f in A such that for each g € V', each T1,T5 > 0
satisfying To — Th € [c1,c2] and each a.c. function x: [T1,Te] — R™ satisfying
inf{I/(Ty, Tz, x), I9(T1, T2, x)} < D the relation |If(Ty, Ta,x) — 19(Ty, Ty, z)| <
holds.

Proposition 2.4 (20, Proposition 3.9]). Let f € ™A, 0 < ¢1 < ¢2 < 00, ¢z, > 0.
Then there exists a neighborhood V' of f in A such that for each g € V, each
Ty, Ty > 0 satisfying To — Th € [c1,¢2] and each z,y € R™ satisfying |y|, |z| < c3 the
relation |UT(Ty, Ty, y, 2) — U9(T1, T2, y, 2)| < € holds.

Proposition 2.5 ([20, Theorem 5.1]). Assume that f € 2 and there exists a com-
pact set H(f) C R™ such that Q(v) = H(f) for each (f)-good function v: [0,00) —
R™. Let € be a positive number. Then there exists an integer L > 1 such that for
each (f)-good function v: [0,00) — R™

dist(H(f),{v(t): t € [T, T+ L]}) <e for all large T.
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Proposition 2.6 ([20, Theorem 6.1]). Assume that f € 2. Then the mapping
(T1, Tz, x,y) — UM (T1, Ty, x,y) is continuous for Ty € [0,00), Ty € (T}, 00), 2,y €
R".

Proposition 2.7 ([20, Theorem 2.3]). Assume that f € 2 and there exists a com-
pact set H(f) C R™ such that Q(v) = H(f) for each (f)-good function v: [0,00) —
R™. Let € be a positive number. Then there exist an integer L > 1 and a neighbor-
hood U of f in A such that for each g € U and each (g)-good function v: [0,00) —
RTL

dist(H(f),{v(t): t € [T, T+ L]}) <e for all large T.

Proposition 2.8 ([20, Lemma 10.2]). Assume that f € A and H(f) C R" is a
compact set such that Q(v) = H(f) for each (f)-good function v: [0,00) — R™. Let
g0 € (0,1), Ko, My > 0 and let [ be a positive integer such that for each (f)-good
function x: [0,00) — R"

dist(H(f), {z(t): t € [T, T +1]}) <8 ¢
for all large T (the existence of 1 follows from Proposition 2.5). Then there exist

an integer N > 10 and a neighborhood U of f in A such that for each g € U, each
S € [0,00) and each a.c. function x: [S,S + NI| — R"™ satisfying

|z(S)], |z(S + NI)| < Ko,
I9(S,S + Nl,z) <UI(S,S + Nl,x(S),z(S + NI)) + My
there exists an integer ig € [0, N — 8] such that for all T € [S +iol, S + (ig + 7)]
dist(H(f),{z(®t): t € [T, T +1]}) < eo.
Proposition 2.9 ([20, Lemma 10.3]). Assume that f € A and H(f) C R™ is a
compact set such that Q(v) = H(f) for each (f)-good function v: [0,00) — R™.

Let € > 0. Then there exists § > 0 such that for each x1,x5 € R™ which satisfy
d(xz;, H(f)) <8, i = 1,2 there exists an a.c. function v: [0,T] — R™ for which

T>1, v(0) =1, v(T) = a2, If(O,T7 v)— wf(xl) +7Tf(x2) —Tu(f) <e.

Proposition 2.10 ([20, Lemma 10.4]). Assume that f € 2 and H(f) C R™ is a
compact set such that Q(v) = H(f) for each (f)-good function v: [0,00) — R™.
Let € € (0,1) and let L be a positive integer such that for each (f)-good function
v:[0,00) = R"
(2.1) dist(H(f),{v(t): t€[S,S+ L]}) <e
for all large S (the existence of L follows from Proposition 2.5).
Then there exists 6 > 0 such that for each T € [L,00) and each a.c. function
v: [0,T] — R™ which satisfies
d(v(0), H(f)) <0, d(v(T), H(f)) <6,
F(0,T.v) = Tu(f) =« (v(0) + «/ (v(T)) < §
relation (2.1) holds for every S € [0,T — LJ.

Proposition 2.11 ([20, Lemma 9.1)). Assume that f € 2. Then there exists a
compact set H* C R™ which has the following properties:

there exists an (f)-good function u: [0,00) — R™ such that Q(u) = H*;

for each (f)-good function v: [0,00) — R"™ either Q(v) = H* or Q(v)\H* # @.
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Proposition 2.12 ([20, Lemmas 9.3, 9.4]). Let f € 2 and let H* be as guaranteed
in Proposition 2.11. Assume that ¢: R™ — [0,00) is a continuous bounded function
such that H* = {x € R": ¢(x) = 0}. Forr € (0,1] we set
fr(z,u) = f(z,u) + ré(x), z,u € R™.
Then fr € A, r € (0,1] and for each r € (0,1] and each (f.)-good function
v:[0,00) = R"
Qv)=H".

Moreover for any neighborhood U of [ in A there exists ro € (0,1) such that

fr €2 for every r € (0,79).

Proposition 2.13 ([20, Proposition 3.4]). Assume that f € A, M7 >0,0<T; <
Ty, a;: [T, Te] — R"™, i = 1,2,... is a sequence of a.c. functions such that
(Ty, To,2;) < My, i = 1,2,.... Then there exist a subsequence {x; }3°, and
an a.c. function x: [Ty, To] — R™ such that I (T1,Te,x) < My, z;,(t) — x(t) as
k — oo uniformly in [Ty, To] and xj, — x’" as k — co weakly in L'(R™; (T1,Tz)).

Theorem 8.1, (8.2) and Proposition 7.3 in [20] imply the following result.
Proposition 2.14. Let f € 2. Then 7/ (z) — 400 as |z| — oo.
The following result was established in Aubin and Ekeland [2, Ch. 2, Sec. 3].

Proposition 2.15. Let Q be a closed subset of R1. Then there exists a bounded
nonnegative function ¢ € C*°(R?) such that Q = {x € RY: ¢(x) = 0} and for each
sequence of nonnegative integers p1, ..., pq the function 8""(}5/833’1’1, o, 00h R —
R is bounded where |p| = >"1_, p;.

We can establish the following proposition which is a higher dimensional version
of a well known result (Ball and Mizel [3], Morrey [15]).

Proposition 2.16. Suppose that f € M, z,y € R™, T1 € [0,00), To > Ty and
w: [Ty, Ta] — R™ is an a.c. function such that

w(Tl):xa w(TQ):yu If(T17T27w) :Uf(T]_,TQ,.’L',y).
Then w € C*([Ty, Ty]; R™).

3. STRUCTURE OF THE PROOF OF THEOREM 1.2

Assume that f € 9 and H(f) C R™ is a compact set such that Q(v) = H(f)
for each (f)-good function v: [0,00) — R™.

We will describe briefly the proof of Lemma 4.4 which is established in Section
4 and which plays a crucial role in our discussion of Theorem 1.2.

For each a.c. function u: [ry, 72] — R™ where 71 > 0, 72 > 7 and each ry,7r2 €
[11, 2] satisfying r; < ro we set

o(ri,ra,u) = I (ry,ra,u) — ol (u(ry)) + 7/ (u(ra)) = (r2 = ro)u(f).

Let € > 0. To prove Lemma 4.4 we need to show that there is a number ¢ > 8
such that for each hq, ho € H(f) there exists an a.c. function v: [0,¢] — R™ which
satisfies

(3.1) v(0) =hy, v(q)=ha, o(0,qv)<e.
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By Proposition 2.6 there exists a sequence of positive numbers {d;}5°, such that
(32) 0o € (0,8_16), 5i+1 < 51’, 1 =0,1,....

and for each integer ¢ > 0, each x1,x2,y1,y2 € H(f) which satisfy |z; — y;| < 6;,
7 = 1,2 the following relations hold:

|Uf(07 1a Ty, xQ) - Uf(07 13 Y1, y2)| S 2_i_865

m (@) = 7l (y)| <277 %, j=1,2.

We will show that there exists an (f)-good function v,: [0,00) — H(f) such
that o(Ty,Ta,v.) = 0 for each Ty > 0, To > T1. Then we will define a function
¢: [0,00) — R' as
(34)  o(r) =110, 1,0+ Pr) — pu(f) = 7 (v.(0)) + 7/ (vi(7)), 7 €[0,00),

where

(3.3)

(3.5) P (t) = t(vi(1) —vi(1)), t€R', 7€][0,00),
and verify that
(3.6) ¢ € CH([0,00); RY), ¢(1) =0, ¢(t) >0, t €[0,00).

We can find a number L > 10 and a sequence of numbers {7, }7; such that

(3.7) dist(H(f), {v.(t): t € [T, T + L]}) <476 for all T € [0, o0),

(3.8) T, > 2L +38, |v:(0) — vu(Tp)| <27%5,, p=1,2,....

Fix a positive number g9 < 278L~!e. By (3.6) there exists a positive number A
such that

(3.9) A<278 ¢ (t) <27 e, tE [l — A1+ A]
Choose an integer N > 64(L + 1)A~! and set ¢ = Zfil T; + 8L + 8.

Let hi,h1 € H(f). We will construct an a.c. function v: [0,¢] — R" satisfying
(3.1). By the definition of L there exists numbers ¢1,¢s such that

(3.10) t1 €[0,L), ta € [8, L+ 8], |hj — vu(tj)| <4716, j=1,2.

We set Ag = (N—1)"1(8L+8—(t2—t1)) and verify that Ag € (0, A). By using (3.8),
(3.10) and the definition of {0;}$2, we can construct functions wq: [0,7; —t1] — R™
and ug: [0,t2] — R™ such that

’wo(O) = hq, ’wo(Tl — tl) = I/*(O), U(O,Tl — tl,’wo) < 2_6<€,
up(0) = 4(0),  uo(t2) = ha, 0(0,t2,up) <27 7e.

For each integer k > 1 there exists an a.c. function wy: [0,A¢ + Tg41] — R™
such that

wg(t) = vi(t) + Pi_ay(t), t € 10,1], wi(t) =vi(t — Ao), t €1, A0 + Thy1 — 1],
wi (Ao + Try1) = v (0),
IN(Ag + i1 — 1, Mg + Th1,wi) = U0, 1, wi(Ag + Ths1 — 1), wi(Ag + Tht1))-
By using (3.4)—(3.6), (3.9), (3.8) and the definition of {§;}°, we show that
0(0, Thy1 4+ Ao, wi) <27 egAg 4+ 2777 8¢, k=1,2,....

(3.11)

We will finally define v: [0,q] — R™ as a concatenation of the functions wg, k =
0,...,N —1, up and show that (3.1) holds.
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The structure of the proof of Theorem 1.2. For simplicity we will only sketch the
proof of the turnpike property for the integrand f and will not discuss the stability
of the turnpike phenomenon under small perturbations of f. We choose a small
enough number § > 0 and large enough numbers Iy > [ > 0 depending on ¢, K.

Assume that T' > 2l and an a.c. function v: [0,T] — R™ satisfies

(3.12) [v(0)], [v(T)| < K, I7(0,T,v) <U’0,T,v(0),v(T)) + .
We will show that for each 7 € [lo, T — lo]
(3.13) dist(H(f),{v(t): te[r,7+1]}) <e.

Assume the contrary. Then there is a number 7 € [ly, T — o] for which
(3.14) dist(H(f),{v(t): t € [r,7+1]}) > e.
By Proposition 2.8 there are numbers S7, .52 € [0,T] such that
(3.15) d(v(S;),H(f)) <¢, i=1,2, So—171, 7—51 € [c1,¢a),

where c¢q, co are some positive constants depending on ¢, K.
It follows from (3.14), (3.15) and Proposition 2.10 that

(316) O'(Sl,SQ,V) > 50

where dyp > 8¢ is some constant depending on ¢, K. By using (3.15) and Lemma
4.4 we show that there exists an a.c. function u: [0,7] — R™ such that

(3.17) u(t) =v(t), tel0,51]U[S2,T], o(S1,S2,u)<dy—0.
It follows from (3.12), (3.16), (3.17) that

§>170,T,v) — I(0,T,u) = 0(S1, S2,v) — a(S1, S2,u) > 6.
The obtained contradiction proves that (3.13) holds for each 7 € [ly, T — lo].

4. PROOF OF THEOREM 1.2

Assume that f € 9 and H(f) C R™ is a compact set such that Q(v) = H(f)
for each (f)-good function v: [0,00) — R™.

Lemma 4.1. Let h € H(f). Then there exists an (f)-good function v: [0,00) —
H(f) such that v(0) = h and

(4.1) (T, To,v) = u(f)(Te = Ta) + 7 (v(Th)) — 77 (n(T2))
for each Ty >0, Ty > T7.
Proof. Consider any (f)-good function w: [0,00) — R™. Then
Qw) = H(f).
By Proposition 2.1 the function w is bounded. It is easy to see that the following

property holds:
(a) for each € > 0 there exists T'(¢) > 0 such that for each 71 > T'(¢), To > Ty

Ty, Ty, w) = p(f)(To = Th) — 7/ (w(Th)) + 7/ (w(Th)) <e.
There exists a sequence of numbers {7T},}7°, C [0, 00) such that
(4.2) Tpr1>T,+1, p=0,1,..., w(T,) —h as p— oo.
For every integer p > 1 we set
(4.3) vp(t) =w(t +1p), te]l0,00).
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By Proposition 2.13, the boundness of w, (4.3) and property (a) there exists a
subsequence {v,,}52; and an a.c. function v: [0,00) — R™ such that for each
integer N > 1
vp,(t) = v(t) as j — oo uniformly in [0, N],

0

17(0,N,v) < liminf I7(0, N, v, ).

J—o0

(4.4)

(
(4.2)—(4.4) imply that v(0) = h and v(t) € H(f), t € [0,00). It follows from
property (a) and (4.3), (4.4) that (4.1) holds for each T} > 0, T > T;. The lemma
is proved.

By Lemma 4.1 there exists an (f)-good function v, : [0,00) — H(f) such that

(4.5) (T, Toyvi) = p(f)(T2 = T1) + 7 (v(Th)) = 7/ (v (T2))

for each 77 > 0, To > T7.
It follows from Proposition 2.16 that

(4.6) v. € C?%([0,00); R").
Lemma 4.2. The function n/ - v, € C1([0,00); RY).
Proof. By (4.5) for each T >0
(v (T)) = —17(0, T, v.) + u(f)T + 77 (1. (0)).

Together with (4.6) this implies the assertion of the lemma.
For each 7 € [0, 00) we define

(4.7) P.(t) = t(vu(1) —vi(1)), t€RY, (1) =17(0,1,v. + P;).
Lemma 4.3. ¢ € C1([0,00); RY).
Proof. For At € [0,00) we set
(4.8) B(At) = (v (t) + Pa(t), vi(t) + PX(1)).

Let 7,h € [0,00), 7 # h and t € [0,1]. By (4.7), (4.8) there exists A, (t) €
[inf{h, 7}, sup{h, 7}] such that
(h =) f(B(ht) = f(B(7,1))] = 0f [ox(B(An(t), 1)) tv. (A (1))

0 [0u(BOW®), D)WL (8) — O [0x(B(r, ), (7) + OF Jou(B(r, 1))V, (7)

as h — 7 uniformly for all ¢ € [0,1]. This implies that 1 € C'([0,00); R!). The
lemma is proved.

Lemma 4.4. Let € > 0. Then there exists a number q > 8 such that for each
hi,he € H(f) there exists an a.c. function v: [0,q] — R™ which satisfies

(4.9) v(0) =h1, w(g) = ha,

(4.10) 17(0,q,v) < qu(f) + 7/ (v(0)) — ! (v(q)) + e
Proof. Define a function ¢: [0,00) — R! as follows:

(4.11) o(t) = ¥(t) — p(f) = 7! (v (0)) + 7 (vu(1), t€[0,00).

It follows from (4.11), (4.7), Lemmas 4.2, 4.3, (4.5) and the representation formula
(see (1.5), (1.6)) that

(4.12) € CH[0,00);RY), o(1)=0, ¢(t)>0, tel0,00).
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By Proposition 2.6 there exists a sequence of positive numbers {d;}5°, such that
(4.13) S0 €(0,87), dip1 <, i=0,1,....
and for each integer ¢ > 0, each x1,x2,y1,y2 € H(f) which satisfy |z; — y;| < 6;,
7 = 1,2 the following relations hold:
|US(0,1,21,22) — US(0,1,y1,92)| <27 3¢,

mf (25) =7l (y;)| <277 %, j=1,2.

By the definition of v, Proposition 2.5 there exists an integer L > 10 such that
(4.15) dist(H(f), {v«(t): t € [T, T + L]} < 4715
for all T € [0, 00).

Since Q(v.) = H(f) and v.(0) € H(f) there exists a sequence of numbers
{T»}p%, such that

(4.14)

(4.16) T, >2L+8, [v(0)—va(T,)| <278, p=1,2,....
Fix a positive number ¢ for which
(4.17) g0 < 278L71e.
It follows from (4.12) that there exists a positive number A such that
(4.18) A<278  |¢(t) <27, te[l—A1+A]
Choose an integer
(4.19) N > 64(L+1)A™!
and set

N
(4.20) q=Y Ti+8L+8.

i=1

Let hi1,h1 € H(f). We will construct an a.c. function v: [0,¢] — R™ satisfying
(4.9), (4.10). It follows from (4.15) which holds for each T" € [0, 00) that there exists
numbers t1, 5 such that

(4.21) t1 €0,L], ta€[8,L+8], |hj—vu(t;) <470, j=1,2.
Set

(4.22) Ag=(N—1)" 8L +8— (ta — t1)).

(4.22), (4.21), (4.19), (4.18) imply that

(4.23) Ag € (0,A).

n

For each a.c. function w: [r, 72] — R™ where 71 > 0, 72 > 7 and each r1,7r3 €

[11, T2] satisfying r1 < 1o we set
(4.24) o(ri,ro,u) = I (ry, ro,u) — 7l (u(r)) + 7 (u(ry)) — (ra — r1)u(f)-
It follows from (4.16), (4.21) and Proposition 2.13 that there exists an a.c. function
wp: [0,y —t1] — R™ such that
(4.25)
wo(0) = hy, wo(t) =vu(ty +1t), te[l,Th—t1—1], wo(Th —t1) = v (0),
(r, 74+ 1,we) = UT(0,1,wo(7), wo (T + 1)), =0Ty —t; — 1.
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By (4.24), the definition of v., (4.5), (4.25), (4.21), (4.16) and the definition of
{91720
(0,71 — t1,wo)
=0(0,1,wp) +o(Ty —t; — 1, Ty — t1,wp)
=U (0,1, h1,vu(t1 + 1)) — 7l (1) + 7f (v (81 + 1)) — p(f)
(4.26) U0, 1,0 (Ti~1),v.(0)) = 7 (1 (Ti=1) + 7 (1, (0)) — ()
<4-278 U0, 1, vu(t1), va(t1 + 1)) — 7 (v (1))
+l (vt + 1) = p(f) + U (0,1, vu(Ty = 1), 0.(Th))
o (a( — 1)+ 7 (v (T1)) — () < 27,

Let k£ > 1 be an integer. By (4.16), (4.7), (4.23), (4.18) and Proposition 2.13
there exists an a.c. function wy: [0, Ag + Tk+1] — R™ such that

(4.27)
’wk(t) = V*(t) + Pl—Ao(t)7 te [0, 1], ’Ujk(t) = V*(t — Ao), te [1, AO + Tk+1 — 1],
Wi (Ao + Tk-’,—l) = Vs (0),
IT(Ag + Treg1 — 1, A0 + Tigr,wi) = UT(0, 1, wi (Ao + Trr — 1), wi(Ag + The1))-

By (4.27), (4.7)

(4.28) wi(0) = v (0).

We will estimate o (0, Tx+1 + Ao, wg). It follows from (4.27), (4.24), (4.5) that
(4.29)  0(0,Tit1 + Ao, wi) = (0,1, wi) + 0(Th1 + Do — 1, Thy1 + Do, wi).
(4.27), (4.24), (4.7), (4.11) imply that

(4.30) o(0,1,wg) = ¢(1 — Ay).
It follows from (4.30), (4.23), (4.18), (4.12) that
(4.31) o(0,1,wy) < 27 Agep.

By (4.27), (4.24), (4.16), the definition of v, (4.5), the definition of {d;}5°, (see
(4.13), (4.14))

0(Thy1 + Ao — 1, Thy1 + Ao, wi)

— U (0,1, (Thys — 1),1(0)) — ! (v (Thy1 — 1))
(4.32) + 7t (1(0) = p(f)

< U (0,1, vu(Th1 = 1), v4(Ti1)) = 7 (v (Tia = 1))

+ 1 (Ve (Thog1)) — p(f) +2-277% = 277 =8¢,
Combining (4.29), (4.31), (4.32) we obtain that
(4.33) (0, Thy1 + Do, wi) < 27 'egAg + 277 8¢,
By Proposition 2.13 there exists an a.c. function wug: [0,%2] — R™ such that

uo(t) = vi(t), t € [0,ta — 1], uo(tz) = ha,

4.34
( ) If(tQ—l,tQ,UQ) = Uf(o,l,UQ(tQ—l),UQ(tQ)).
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It follows from (4.34), (4.24), (4.21), the definition of {6;}52, (see (4.13), (4.14)),
the definition of v,, (4.5) that
0(0,te,ug) = o(ta — 1,t2,up)

= U'(0, 1, v(tz = 1), ha) — 7! (vi(t2 = 1)) + 7/ (ha) — p(f)

S U0, 1, vi(tz — 1), vi(t2)) — (V*(tz —-1))

+at (v(tz)) — u(f) +27 e <27

(4.22), (4.20) imply that

(4.35)

y Vs

N—-1
(436) T —t + Z AO + Tk+1 +12=gq.
k=1

By (4.36), (4.25), (4.27), (4.28), (4.34) there exists an a.c. function v: [0, q] — R™
such that

U(t) = ’wo(t), t e [O,Tl - tl], I/(t (t - <ZT + -1 AO - t1>>

k+1
ZT + (k= 1)Ag —t1, > T;+ kAo —

i=1

v(t) (t—<2T+ —1A0—t1>>, te

(4.37), (4.25), (4.36), (4.34) imply that
v(0) = h1, v(q) = ha.
It follows from (4.24), (4.37), (4.26), (4.33), (4.35), (4.22), (4.21), (4.17) that
(0, ¢,v) — 7 (1(0)) + 7/ (1(q)) — qu(f)
N-1

—O'(O,Tl —tl,w0)+ O'(O,Tk+1—|—A0,’wk)+0'(0,t2,UQ)
k=1

(437) te . k=1,...,N—1,

=1

N
ZTi+(N—1)AO—t1,q‘| .

<27%+ ) " (27'e0Ag + 27 8e) + 277 <27% + 271 (N — 1)e0Ag

<279+ 27H9L + 16)ep < 27 '¢
This completes the proof of the lemma.
Proof of Theorem 1.2. Let €, K > 0. We may assume that
e<1l, K>sup{|lh|: he H(f)} + 4.

By Proposition 2.2 there exist a neighborhood U; of f in 2 and a number M > K
such that for each g € U, each 77 > 0, To > 17 + 1 and each a.c. function
v: [Th, T3] — R™ which satisfies

(4.38) |[v(T)| <2K+4, i=1,2, (T1,Te,v) <UY(T1,To,v(Th),v(T)) + 2
the following relation holds:

(4.39) w(t)| < M (t € [Ty, To)).
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By Proposition 2.6 there exists

(4.40) 61 € (0,87 ¢)

such that for each x1, x2,y1,y2 € R™ which satisfy

(441) |zl lys| <2M + 4+ 2supf{|h]: h € H(f)}, |z -yl <46, i=1,2
the following relations hold:

(4.42) | U (0,1, 21, 20) — UT(0,1, 91, y2)| < 278,

|of (z) — 7l (y;)] <278, i=1,2.

By Proposition 2.5 there exists an integer I > 1 such that for each (f)-good
function v: [0,00) — R™

(4.43) dist(H(f),{v(t): te [T, T+I]}) <e

for all large T'. By Proposition 2.10 there exists

(4.44) o € (0,27161)

such that for each T € [I,00) and each a.c. function v: [0,7] — R™ which satisfies
(4.45) Aw(0), H(f)) < 60, d@(T), H(F)) < bo,

(4.46) 10,7, 0) = Tu(f) — o/ (v(0)) + 7/ ((T)) < 6o

the relation

(4.47) dist(H(f),{v(t):t€[S,S+1]}) <e

holds for every S € [0, T — I]. By Proposition 2.6 there exists

(4.48) 5 €(0,32715)

such that for each x1, x2,y1,y2 € R™ which satisfy

(4.49)  |zil, lys| <2M +4+2sup{|hl: h € H(f)}, |wi —yil <46, i=1,2,
the following relations hold:

(450) [U(0,1, 21, 22) — UT(0,1,y1,92)| < 27560,

|mf (@) — 7f (y;)] < 27860, i=1,2.

By Proposition 2.5 there exists an integer L > 1 such that for each (f)-good
function v: [0,00) — R™
(4.51) dist(H(f),{v(t): t € [T, T+ L]}) <871

for all large T'.

By Proposition 2.8 there exists an integer N > 10 and a neighborhood Uz of f in
2 such that for each g € Uz, each S € [0, 00) and each a.c. function z: [S, S+ NL] —
R™ which satisfies

|z(S)|, |z(S + NL)| <2M + 2,
I9(S,S+ NL,x) <U9(S,S+ NL,z(S),z(S+ NL)) + 4
there exists an integer ig € [0, N — 8] such that for all T € [S + oL, S + (i¢ + 7)L]
(4.53) dist(H(f), {z(t): t € [T, T + L]}) < 4.

(4.52)
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By Lemma 4.4 there exists a number ¢ > 8 such that for each hy,hy € H(f)
there exists an a.c. function v: [0, ¢] — R™ which satisfies

(4.54)
v(0) = hi, w(g) =ha, I7(0,q,v) = qu(f) = 7! (v(0) + 7! (v(q) < 87"
By Proposition 2.3 there exists a neighborhood U3 of f in 2 such that for each

g €Uz, each Ty > 0, Ty € [Ty + 81,71 + 6N(¢+ | + L)] and each a.c. function
x: [T1,T] — R™ which satisfies

inf{I/(Ty, Ty, x), I9(Ty, Tz, x)}
(4.55) < 44 2sup{|nf (h)|: h € R"™,|h| < sup{|z|: z € H(f)} + 4}
+6lu(fIN(g+1+ L)
the following relation holds
(4.56) |I (T, Ty, ) — T9(Ty, Ty, )| < 4716.

By Proposition 2.4 there exists a neighborhood Uy of f in 2 such that for each
g € Uy, each x1, 22 € R™ which satisfy

|x1], |22 < 2M + 4+ 2sup{|z|: z € H(f)}

the following relation holds:

(4.57) |UF(0,1, 21, 20) — U9(0,1, 21, 22)| <2786
Set
(4.58) lo=2l42q+2NL+6,
4

(4.59) U=\t

i=1

Assume that g € U, T > 2lp and an a.c. function v: [0,T] — R™ satisfies

(4.60) w(0), [v(T)| < K, 1900, T,v) < U0, T,v(0),v(T)) + 4.
It follows from the definition of U (see (4.38), (4.39)) and (4.60) that
(4.61) lv(t)] < M, telo,T].

Assume that there exist numbers S, S2 € [0, 7] such that
(4.62)  d(w(S:),H(f)) <94, i=1,2, So—S1€[l+1+q,bN(L+1+q).
We will show that for each 7 € [S1,S2 — ]

(4.63) dist(H(f),{v(t): t € [r,7+1]}) <e.
Let us assume the converse. Then there exists a number 7 such that
(4.64) T € [S1,S2 —1], dist(H(f),{v(t):te[r,7+1]}) >e.
It follows from (4.62), (4.64), (4.48) and the definition of &y (see (4.44)—(4.47)) that
(4.65) I7(81,82,v) — (Sa — S)u(f) — 7 (v(Sh)) + 7 (1(Sa)) > do.
We will show that
(4.66) I9(S1, So,v) — (So — S1)u(f) — 7/ (v(S1)) + 7/ (v(S2)) > 2716.

Assume the contrary. Then by (4.62)
19(S1, 82, v) < 2sup{|n’ (2)]: 2 € R",d(z, H(f)) < 1} + |u(f)|(S2 = 1) + L.
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It follows from this relation, (4.62) and the definition of Us (see (4.55), (4.56)) that
|I7(S1, Sa,v) — I9(S1, Sa,v)| <4716

Together with (4.65) this implies (4.66). The obtained contradiction proves that
(4.66) holds.
By (4.62) there exist hq, he € H(f) such that

(4.67) [v(S;) —hi) <6, i=1,2.

By Lemma 4.1 there exists an (f)-good function

(4.68) wp: [0,00) — H(f) such that wg(0) = hq,

(4.69) H(ty, ta,wo) — (t2 — t1)u(f) — wf (wo(tr)) + ¥ (wo(t2)) = 0

for each t; > 0, to > t1.
It follows from the definition of ¢ (see (4.54), (4.62), (4.68)) that there exists an
a.c. function wy : [0, ¢] — R™ such that
w1(0) = wo(S2 — 51 —q), wi(q) = he,
170, q,w1) — qu(f) — 7/ (w1(0)) + 7/ (w1 (q)) < 8710.

By (4.62), Proposition 2.13, (4.68), (4.70) there exists an a.c. function w: [0,T] —
R™ such that

(4.70)

u(t) =v(t), telo,5]ul[s,T],
u(t):wo(t—Sl), te [Sl+1,S2—q],

u(t) =w1(t — (S22 —q)), t€[Se—gq,5 —1],
I9(r,r+1,u)=U9%0,1,u(r),u(r +1)), r=251,5 —1.

(4.71)

For each a.c. function y: [a,b] — R™ where a > 0, b > a and each 1,72 € [a, b
satisfying r < ro we set

472)  o(r,re,y) = 19(r1,r2,y) — 7 (y(r)) + 7 (y(r2)) = (r2 = r)u(f)-
It follows from (4.60), (4.71), (4.72) that
§>190,T,v) — I9(0, T, u)
=0(0,T,v) — 0(0,T,u) = o(S1, S2,v) — (51, Sa,u).
By (4.70), (4.68) and the definition of M (see (4.38), (4.39))
(4.74) lwi(t)| < M, te(0,q].
By (4.70) there exists an a.c. function w: [S1,S2] — R™ such that
W(t) = wo(t — S1), t€[S1,59 —dq,
w(t) =wi(t— (52 —q)), te€[S2—q,5%]
(4.73), (4.72), (4.66), (4.71), (4.75) imply that
§ > 27160 — 0(Sy, So,u) = 27160 — (51, S, W)
(4.76) + [0(S1,S1 + 1, w) — (51,51 + 1, u)]
+ [0(S2 — 1,89,w) — o(S2 — 1, S, u)].
We will estimate o(S7, S2,w) and o(h,h+ 1,@w) —o(h,h+ 1,u), h = S1,S2 — 1.

(4.73)

(4.75)
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Let h € {S1,S2 — 1}. (4.70), (4.75), (4.71), (4.74), (4.68), (4.61), (4.62), (4.67)
imply that

[w(R)], [@(h + 1), [u(h)], [u(h + 1)| < M + sup{|z|: z € H(f)},
i(h) — u(h)|, [i(h + 1) — u(h + 1)| < 6.

It follows from these relations, (4.71), (4.72), the definition of Uy (see (4.57)) and
§ (see (4.49), (4.50), (4.48)) that

olh,h+1,w) —o(h,h+1,u)

>U90,1,w(h), w(h+ 1)) —af (w(h)) + = (w(h + 1))
@7 — [U9(0,1,u(h), u(h + 1)) — 7/ (u(h)) + 7/ (u(h +1))]
> U (0,1,w(h), w(h+1)) —xf (w(h)) + 7/ (w(h + 1))
—[U7(0, 1, u(h), u(h + 1)) = 7/ (u(h)) + 7/ (u(h + 1))] = 2776

> -2 650, h e {51,82—1}.
We will estimate o (S, S, w). It follows from (4.69), (4.70), (4.75) that
(4.78) I7(S1, Sa,w) — nf (w(S1)) + 7 (W(Sa)) — (Sa — S1)u(f) < 87.

By this relation, (4.62), (4.75), (4.68), (4.70) and the definition of Us (see (4.55),
(4.56))

|I7(S1, Sa, ) — I9(S1, Sa, )| < 4716.
Together with (4.78), (4.72) this implies that
o(Sy, Sy, W) <3-8716.
It follows from this relation, (4.76), (4.77) that
§>27"0)—3-8716 —27%.

This is contradictory to (4.48). The obtained contradiction proves that (4.63) holds
for each T € [S1, S2—1]. Therefore we have shown that the following property holds:
Property D. For each Sy, Sy € [0, 7] which satisfy (4.62) relation (4.63) holds for
each 7 € [S1,52 — .
It follows from (4.60), (4.61) and the definition of Us, N (see (4.52), (4.53)) that
for each rg € [0, — (1 + 1+ g+ L(N + 2))] there exists a number r; such that

ri—ro € 14+14+q+2L,1+1+q+ LN +2)], d(v(r),H(f)) <o.

This implies that there exists a finite sequence of numbers {Si}?zo C [0,T] such
that

So=0,811—-S €l+1+q+2L,1+1+q+L(N+2)], i=0,...,Q—1,
—So<1+1+q+LIN+2), dw(S),H(f) <6, i=1,...,Q.

The assertion of the theorem follows from these relations and Property D.
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5. PROOF OF THEOREM 1.3

Lemma 5.1. Assume that an integrand f € 9 has Property B and € > 0. Then
there exists a neighborhood U of f in A such that for each g € U and each (g)-good
function v: [0,00) — R"

dist(Qv), H(f)) < e.

Proof. By Proposition 2.1 there exist a neighborhood U; of f in 2 and a number
K > 0 such that for each g € U4 and each (g)-good function v: [0,00) — R™

limsup |v(t)] < K.
t—o0

By Theorem 1.2 there exist a neighborhood U of f in 2 which satisfies i C U; and
numbers lg > | > 0, § > 0 such that for each g € U, each T' > 2Iy and each a.c.
function v: [0, 7] — R™ which satisfies

()], [v(T)| < K, 1°(0,T,v) < U0,T,v(0),v(T)) + 4

the relation dist(H(f),{v(t): t € [1,7 4+ ]}) < € holds for each 7 € [ly, T — lo].

Assume that g € U and v: [0,00) — R" is a (g)-good function. It follows from
the definition of U, Uy, K and Proposition 1.1 that there exists a number Ty > 0
such that

|V(t)| SK? tE[TOaOO)a
Ig(tl,tg, V) < Ug(tl,tg, U(tl), V(tz)) + 6 for each t; > Ty, to > t1.
It follows from these relations and the definition of U, Iy, [, 6 that
dist(H(f),Qv)) <e.

The lemma is proved.

Construction of the set F,. Suppose that ¢ is a nonnegative integer. By Propo-
sitions 2.11, 2.12, 2.15 there exists a set £, C 9, which is an everywhere dense
subset of ﬁq and such that each integrand f € I, has Property B. Therefore for
each f € E, there exists a compact set H(f) C R™ such that Q(v) = H(f) for each
(f)-good function v: [0,00) — R™.

By Theorem 1.2 and Lemma 5.1 for each f € E, and each integer p > 1 there
exist an open neighborhood U(f,p) of f in A and numbers M (f,p) > p, lo(f,p) >
I(f,p) > 0, (f,p) € (0,p~') such that for each g € U(f,p) and each (g)-good
function v: [0, 00) — R™

dist(H (f), Q) < 47%6(f, p);

for each g € U(f, p), each T > 2lo(f, p) and each a.c. function v: [0,T] — R™ which
satisfies

(5.1) wO), lv(T)| <p, 1900, T,v) U0, T,v(0),v(T)) + 6(f, p)

the relation |v(t)| < M(f,p) holds for all ¢ € [0,T] and the following properties
hold:

(i) for each 7 € [lo(f,p), T — lo(f,p)]
(5.2 dist(H(f), {v(t): t € [r,7 + (£, p)]}) < p~ %

)
(i) if d(v(0), H(f)) < 6(f,p), then (5.2) holds for each 7 € [0,T — lo(f,p)];
(iii) if dw(T), H(f)) < (f,p), then (5.2) holds for each 7 € [lo(f,p), T — I(f, p)].
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We define
(5.3) Fq= ﬂU{U(f,p):fEEq} nom,.
p=1

Clearly F, is a countable intersection of open everywhere dense subsets of 9,.
Assume that f € F,, €, K > 0. Fix a natural number p such that

(5.4) p>2K +4+8: 1
There exists G € £, such that
(5.5) feUu(G,p).

It follows from (5.4), (5.5) and the definition of U(G,p), 6(G, p) that for each (f)-
good function v: [0,00) — R"™

(5.6) dist(H(G), Q(v)) <47'6(G,p) < (4p)~* < 87 te.
This implies that for each (f)-good function v;: [0,00) — R™, i = 1,2,
dist(Q(rv1), Q(e)) < e.

Since € is any positive number we conclude that f has Property B and there
exists a compact set H(f) C R™ such that Q(w) = H(f) for each (f)-good function
w: [0,00) — R™. It follows from (5.6) that

(5.7) dist(H(G), H(f)) < 47'6(G,p).
Set
U=UG,p), M=M(G,p),
lo=10(G,p), 1=1G,p), §=87"'4(G,p).
Assume that g € U, T > 2]y and an a.c. function v: [0,T] — R™ satisfies
(5.9) lv(O), lv(T)| < K, I90,T,v) <U0,T,v(0),v(T)) + 4.
It follows from (5.9), (5.8), (5.5), (5.4) and the definition of U(G,p), M(G,p),
lo(G,p), (G, p), (G, p) that
(5.10) lv(t)| <M, te]l0,T],
and properties (i)—(iii) hold with f = G. Together with (5.7), (5.8), (5.4) this
implies that
(5.11) dist(H(f),{v(t): t e [r,7+1]}) <e
for each 7 € [log, T—1o]; if d(v(0), H(f)) < 6, then (5.11) holds for each 7 € [0, T —Ig].

(
If d(v(T),H(f)) <6, then (5.11) holds for each 7 € [ly,T —I]. This completes the
proof of the theorem.

(5.8)

6. EXAMPLES

Fix a constant a > 0 and set ¢(t) = ¢, t € [0,00). Consider the complete metric
space 2 of integrands f: R™ x R™ — R! defined in Section 1.

Example 1. Consider an integrand f(z,u) = |z|?+|u|?, z,u € R". It is easy to see
that f € 9, for each integer ¢ > 0 if the constant a is large enough. We can show
(see [20, Section 14]) that Q(v) = {0} for every (f)-good function v: [0, 00) — R".
Therefore Theorem 1.2 holds with the integrand f.
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Example 2. Fix a number ¢ > 0 and consider an integrand

g(z,u) = qlaf’lz — e* + [u*,  z,u € R",

where e = (1,1,...,1). It is easy to see that g € 9 if the constant a is large
enough. Clearly f does not have the turnpike property.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.
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